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Joint work.

This is a joint work in-progress with Brian Allen.
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Background.

Preliminary definitions. Work over C.

A quiver Q = (Qo, Qy) is a finite directed graph, where Qq is the set
of vertices and Qj is the set of arrows.

Let 8 = (B1,...,8q,) € Ng%, a dimension vector.

A representation of a quiver assigns a finite-dimensional vector
space to each vertex and a linear map to each arrow.

Let
Rep(Q, B) := P Homc(W(Bia), W(Bha)),

aeQ

where W(3;) is a f;-dimensional complex vector space. It has a
natural (change-of-basis) group action by G = [[cq, GL3 (C).

We say Rep(Q, 3) is the representation space of a quiver.
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Filtered representation space.

Let (N, ~@ . M = 35 be a sequence of dimension vectors. Then

F*Rep(Q, B) = {(Aa)aca, : AdW(1)) € W(¥2)
forall1 <i<M,ae Q}.
F*Rep(Q, ) is the filtered representation space for Q and S.

If P; C GLg,(C) is the group of automorphisms preserving the filtration
of vector spaces at vertex i, then we define

]P/j = H P,'.,
i€Qy
which acts as a change-of-basis on F*Rep(Q, 3). So there is a
parabolic group action P on F*Rep(Q, 3).

If we have a complete filtration of vector spaces over each vertex, we
will write B instead of Pg.
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Universal quiver flag.

We denote

)= [ Fhe(8),

i€Qy

the product of usual flag varieties on the vector space W(/)
parametrizing flags of subspaces

0c UM cu®c...cuM=w() where dim(UP) =" i e Q.

We denote U® := {0 € UM C U@ C ... C UM}, the set of flags of
subspaces.

The universal quiver flag is defined as

FIS () = {(W, U") € Rep(Q. 8) x Fl»(8) : W(a)U) C U\
foreachae Q1,1 < i< M}.
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Projections from the universal quiver flag.

e~

Also denote the universal quiver flag as Rep(Q, ), where we have
natural projections p; and p» into appropriate factors

Rep(Q. ) < Rep(Q, B) 22 FL,.(8).

Properties about morphisms p; and p.

» pi and po are Gg-equivariant projections,

» a generic fiber of p; over W: a product U* of flags of vector
spaces on UM such that WU® C U® (so py is projective),

» a generic fiber of po over a flag: a homogeneous vector bundle,
i.e., the set of all W such that WU*® = U*® (so p» is flat).

» The fibers of p; are called quiver flag varieties,
» the fibers of p, are called filtered quiver representations.
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Quiver G-S resolution & Springer resolution.

Fix Q = (Qo, @Q1), where

1,1 1,2 2 z
Qo ={Vo, Vy, Vo, Vg Vi, Voo Vi

i i Kk k k
VisVas ooy Vi ooy Vi Vo s, Vg, b

_ il il 1 2 A2
and @ = {ay,a},...,a),85,4&,...,a,

QLA &3 ay ;i a, ]
WV Vos— V34— ...« Vv, «— Wlor1 <i<k.

K ok K iy
yooes8g, 81,5, 8 }, satisfying

Also let M = 2N. Fix sequences of dimension vectors v() so that

~@) = (ji,...,i)foreach1 < i< N and
A=) = (i—1,i—1,...,i—1)foreach 1 <i<N.

Note that 5 = (N, N,...,N).
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N
“/7

Generalized G-S resolution. y

/‘

generalized Grothendieck-Springer resolution corresponding to a

e~

With Q and /3 from the previous slide, Rep(Q, 3) is called the }

complete flag. It will be denoted as Rep(Q, 8), _ s,

Denote bq, := F*Rep(Q, 53). J

The second projection Rep(Q, 3) 2 Fl.«(3) is G s-equivariant,

R

inducing an isomorphism G xp, bg, = Rep(Q, ).

A generic fiber of Gz xp, bg LN Rep(Q, ) consists of (N!)@ points.
l fé 1 )
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Generalized Springer resolution.

Continue to let M = 2N. Fix () so that

~@) = (i,i,...,i)foreach 1 <i< N and
A= = (j—1,i—1,...,i—1,i)foreach 1 < i< N.

For the 1-Jordan quiver,

Rep(Q, B) = T*(GLn(C)/B) = GLN(C) xg N,

the cotangent bundle of the flag variety (the Springer resoln of the
nilpotent cone V).

For the general quiver and satisfying (2), Rep(Q, 8) a generalized
Springer resolution of the nilpotent cone N, in Rep(Q, 3), where
No, = {(W(&),..., W(a})) : W(a}---aj ) is nilpotent}.
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Resolution of singularities.

Now fix the filtration of vector spaces in (2) w.r.t. the standard basis.
Then F*Rep(Q, 3) is contained in the product of upper triangular
matrices. Let

ng = b®@-Dgn (3)

where n = gl,/b*, the set of strictly upper triangular matrices.

Proposition

T*(Gg/Bg) = G xp, ng, is a resolution of singularities of N, .

The morphism T*(Gz/Bs) —= No, is generically finite.

The morphism T*(Gs/Bg) N N, is also called generalized
Springer desingularization.
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Diagram of morphisms.

Summary

We have the diagram of mor-
phisms, where G xg, no, < Gg xs, bg, is aninclusion of subbundles:

Gﬁ XBg anc ? Gﬁ XBg le
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Weights of quiver flag varieties.

For a fixed Gg, let Ty = H,EQO T;, where T; is the maximal torus
consisting of diagonal matrices in GLg,(C) for each j € Q. Let
diag(ti1, tio, ..., tin) € T; for each i € Q. Denote X(T5) to be the
character group of Tg, where each character ¢;; € X(Tp) is defined
as

6,‘71'(1‘\/071,.‘ . tVo,Na R t,'_’1, R t,'_’N, R tV;KJ.,. .. ’t'/}fkw) = t,'_j

foreachie Qy, 1 <j<N.

Then {¢j}icq, 1<j<n forms a standard basis for X(T3), which gives an
isomorphism of weight lattices X (Ts) = ZI®IN,

Dominant weights of X(Tg) are defined to be

X*H(Tp) 2 {X = (\0, M4, 0%, ..., \%) e ZI®IV .
MN=1>XN2>...> )}
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Cohomology of line bundles.

Lemma
Let & = 3" (v, — vt ) Then
K(Gﬁ XBB (no1 X (CX)) = EGQ ><[,g“3(llc;1 XCX)(Cfxf,;{):

where K(Ggs xg, (nq, x Cy)) is the canonical line bundle of
Gﬁ XBy (ﬂQ X (CX)

(4)

Proposition
Given X € X*(Tp),

| A\

H(Gs/Ba, Lo, /5, (C_5)) = Vi = Vi ® V2 @ ® V7

vk
Xtk

where V5; is the dual of the GLn(C)-irreducible representation V;
with highest weight \'.
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Higher cohomology.

Theorem
We have

H'(T*(Gg/Bg), L1+(Gs/8,)(C_5)) =0

for any X and for all i > 0.

| A

Theorem
Given a generalized Grothendieck-Springer resolution
Rep(Q, B), _s,,.» We have

H'(Rep(Q. ) _ spr Lrgy . (C_5) =0

G —Spr’ ~Rep(Q,8), _ S

for any X and for all i > 0.
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Flag Hilbert schemes.

Why are flag Hilbert schemes interesting?

» The adjointness of a monoidal functor from the symmetric
monoidal category Cohgwin(c)y Of coherent sheaves on the flag
Hilbert scheme FHilb"(C) to the non-symmetric monoidal
category SBim,, of Soergel bimodules produces a 1-1
correspondence between the Euler characteristic of a sheaf on
the flag Hilbert scheme with the Hochschild homology of a braid
(Gorsky-Negut-Rasmussen, 2016).

» Flag Hilbert schemes are interesting in their own right:

» birationality of FHilb"(X),

» singular locus of FHilb"(X),

» irreducible components of FHilb"(X),
» Hilbert function of FHilb"(X).
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Flag Hilbert schemes.

Constructions

The flag Hilbert scheme on C or C? parametrizes full flags of ideals:

FHilb"(C) :={l, C ... C h C lp =Cl[x,y] : dimc C[x, y]/li = i,
ideals supported on y = 0},
FHilb"(C?) :={l, C ... C I C Iy = C[x,y] : dimc C[x, y]/I; = i}.

ADHM description

Let B be lower triangular matrices in GL,(C), b = Lie(B), and let n be
nilpotent matrices in b. Then

FHilb"(C) = {(X,Y,v) € bxnx C": [X, Y] =0,X?YPv span C"}/B
FHilb"(C?) = {(X,Y,v) € b x b x C": [X, Y] =0, X?Y?v span C"}/B
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Facts about flag Hilbert schemes.

Facts
» We have FHilb"(C?) — Hilb"(C?), sending

(/,,ggh glo)l—>/n
» We have FHilb"(C?) — C2", sending
(ln € .o € I1 Cc IO) = (X17~---,XnaJ/17--~>}/n)a

where (x;, ;) = supp(fi—1/1).

» FHilb"(C?) is a closed subscheme of
Hilb"(C?) x Hilb™ "(C?) x - - - x Hilb' (C?) x Hilb®(C?).

» FHilb"(C), FHilb"(C?) are singular for n > 0, reducible, their
dimensions > expected dimensions.
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Filtered quiver variety. @
‘/17

Let B be upper triangular matrices in GL,(C) and let b = Lie(B).
Identify T*(b x C") = b x b* x C" x (C")*. Consider the moment map

T*(bx C" LNy al,/n", where (X, Y,v,w) — [X, Y]+ vw.
We define

pg' (0)/B:={(X,Y,v,w) € b x b* x C" x (C")* : [X, Y] + vw = 0,
X2YPy span C"}/B.

There is a birational map u5'(0)/B --+ FHilb"(C?).
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