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Walking with groups

» G group, |G| <
» V afinite-dim’l G-module over C with character x, (x,(g) = tracey(g))
> {Sataer simple G-modules and {x.}acr their characters

» || the number of conjugacy classes of G

The McKay quiver My (G):

» nodes: {ataer

> edges: a,, edges a to v if XXy =Y 8any Xy
~yer

» McKay matrix: A= (aa,'y)omyer
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Example - cyclic

» G=1Z/nZ =:7Z, cyclic group
» {Satacio1,..n—1y simple G-modules

> W= eQTK‘i/h

> Xa(B) =w? their characters so xa ‘- Xo = Xa+a’
» V=51 @S

> Xa Xy = Xa+1 T Xatn—1 = Xa+1 T Xa—1

The McKay quiver My(G): 0
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The no. of walks of k steps on a circular graph with n nodes is:

(A), . =1Zal 7" D~ xalB) xu(B) X+ (B)

ﬁEZn

=n! Zwaﬁ B ) w8

k k n—1
—1 (a—y+k—20)8
- ;@(Zw )

B=0

- ¥ ()

k—20=~—a modn

—1 .
. ~— ms N if m=0 modn
since > W™ = ,
e 0 otherwise.
A=
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Exponential generating function
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>

>

>

>

>

Pa:

A._i for Z, (cyclic group of order n)

5n+2 for D, (binary dihedral group of order 4n)
= for T (binary tetrahedral group of order 24)
E; for O (binary octahedral group of order 48)

Eg for T (binary icosahedral group of order 60)

21-A (6 = affine Cartan matrix)
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Dm Dn+2

Affine Dynkin diagrams

~

3
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Cor. When G C SUs is finite and G % Z, for n odd, and V = C?, then the
Poincaré series for the G-invariants T(V)% in T(V) = Do VK ig
P (t) det(l_tA) HmeE(-lizcos(Tr )t)
T = = 3
det (I — tA) Hrﬁe (1 —2cos<7r )t)

3

where

=3, ]

1
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» A: adjacency matrix of the corresponding finite Dynkin diagram;

» m and h: exponents and Coxeter number of the affine root system;
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Polynomial invariants - a comparison

G. Gonzalez-Sprinberg and J.L. Verdier (1983)
B. Kostant (1984)
T. Springer (1987)

Thm. When G c SUs is finite and V = C2, then the Poincaré series for the
G-invariants S(V)%in S(V) = @y, S (V) is

1+
0 _ h
s'(t) B0 —h) where
» h = Coxeter number of the corresponding finite root system

» a=2-max{dim(S,)}acr
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Polynomial invariants - a comparison

G. Gonzalez-Sprinberg and J.L. Verdier (1983)
B. Kostant (1984)
T. Springer (1987)

Thm. When G c SUs is finite and V = C2, then the Poincaré series for the
G-invariants S(V)%in S(V) = @y, S (V) is

1+
0 _ h
s°(1) B0 —h) where
» h = Coxeter number of the corresponding finite root system
» a =2 -max{dim(S,)}aer
»b=h+4+2-a

Springer’s proof uses Molien’s formula

It = |G _ (9
s(t) =G| gzec:;detv(lgt)'
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PE(D) =3 (), 0 = 161" 3 (ZX“(g)k X(g)> "= S e
k=0 !

k=0 \ geG geG
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Poincaré series
Thm. (B.-Moon 2016) Assume G, V, A as usual. Then

P = S0 (A, (Gl Z(va(g)kw>fk=le'1z
k=0 k=0 \ geG geG

and the Poincaré series for the G-invariants T(V)® in T(V) = @, V=

PY(t) = |G|
() =G Z 1- th(g

geG

X+(9)

1- t?(v(g)7
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Poincaré series
Thm. (B.-Moon 2016) Assume G, V, A as usual. Then

P = S0 (A, f =G S (zxv<g>kw)rk —l6'Y

k=0 k=0 \ geG geG

and the Poincaré series for the G-invariants T(V)® in T(V) = @, V=

P(t) = |G|
T( | | :E:: 1— t Xy (57

gcG
Compare with:
Thm. ( Molien 1897) The Poincaré series for the multiplicity of S, in
S(V) = @kgo S (V) is

PI() = S dimsh(v) ¢ =[G/ Y] det*’(" =

k=0 geG

the Poincaré series for the G-invariants S(V)¢ in S(V) = @, S (V) is

X'y(g)
- t?(v(g)7
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Poincaré series
Thm. (B.-Moon 2016) Assume G, V, A as usual. Then

PU) = D (W), ¢ = (G Z(ZXv(Q)ka(g)>fk:|G1Z 29,

k=0 k=0 \ geG geG

and the Poincaré series for the G-invariants T(V)® in T(V) = @, V=

P(t) = |G|
T( | | :E:: 1— t Xy (57

gcG
Compare with:
Thm. ( Molien 1897) The Poincaré series for the multiplicity of S, in
S(V) = @kgo S (V) is

_ N gimek —1 X (Q
PI(t) = > dimSi (V)" = |G| dety( I t9)
k=0 geG
the Poincaré series for the G-invariants S(V)¢ in S(V) = @, S (V) is

1
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A dynamical view of group walking — Chip firing
Philadelphia Inquirer

“kagles Fire Chip Kelly Amid Team’s Lost Season”
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Bak-Tang-Wiesenfeld sandpile model (1987)
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» traffic jams
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Used in modeling:

» avalanching dynamics of granular flow on a grid

» traffic jams

v

financial markets

v

biological evolution

v

distribution of galaxies
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neurological workings of the mind
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Abelian sandpile model — Chip firing

Bak-Tang-Wiesenfeld sandpile model (1987)
Used in modeling:

>

>

>

>

avalanching dynamics of granular flow on a grid
traffic jams

financial markets

biological evolution

distribution of galaxies

neurological workings of the mind

energy minimization

tropical curves
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McKay-Cartan matrices
» G group, |G| <
» V G-module of dimension d over C with character y,

» A McKay matrix of My(G)
»C=dI-A (McKay-Cartan matrix)

» x; (j=0,1,...,¢) the characters of the simple G-modules
Xoggg Xoggg XOEQ; x0(9)
xi1(9 x1(9 ~ [ x1(g x1(9)
A . :Xv(g) : ) C : = (d_Xv(g)) .

Xétg) thig) Xe&g) Xe@)
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McKay-Cartan matrices
» G group, |G| <
» V G-module of dimension d over C with character y,
» A McKay matrix of My(G)

»C=dI-A (McKay-Cartan matrix)
» x; (j=0,1,...,¢) the characters of the simple G-modules
xo(9) xo(9) xo(9)
( (@) X1:(g) ’ G X1SQ) (- x(9)) X1 .(g)
thig) Xé&g) Xetg)
do =1 Xo(€)
di xi(e)

d:= . = . is a null vector for C

de xe(€)
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joint with C. Klivans and V. Reiner (2016)

Thm. Assume

> Ais a McKay matrix for some G and d-dimensional V.
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joint with C. Klivans and V. Reiner (2016)

Thm. Assume

> Ais a McKay matrix for some G and d-dimensional V.

» C=dI—A (McKay-Cartan matrix).
Then

c.=C \ {Rowg, Columng} is an “avalanche-finite” matrix

(i.e. chip firing stabilizes) for all such G, V.
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Example of an avalanche-finite matrix
2 -1 0 O
-1 2 -1 -1
o -1t 2 0
o -1t 0o 2

C= c=C \ {Rowy, Columng} for C of type D4
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Example of an avalanche-finite matrix

2 -1 0 0
-1 2 -1 -1 PN = ~
C= 0 -1 2 0 C = C\ {Rowp, Columng} for C of type Dq4

o -1 0 2
(C is the Cartan matrix of finite type D4)
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When C = C \ {Rowp, Columng} is an honest Cartan matrix
Even nicer things happen.

E.g.
A configuration ais recurrent if there is a burning configuration b so

fire fire
. e

a+b
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When C = C \ {Rowp, Columng} is an honest Cartan matrix
Even nicer things happen.

E.g.
A configuration ais recurrent if there is a burning configuration b so

fire fire
. —

a+b

Thm [B.-Klivans-Reiner '16] If C an honest Cartan matrix, then

» The burning configurations are the nonzero elements of the root lattice in
the fundamental chamber.

» The recurrent configurations are ¢ (half-sum of the positive roots) and
0 — A\, for \j a minuscule weight.
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A Hopf generalization [Grinberg, Huang, and Reiner ’17]
Here

(a) His a finite-dim’l Hopf algebra over an algebraically closed field of char.
p=>0;
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A Hopf generalization [Grinberg, Huang, and Reiner ’17]

Here

(a) His a finite-dim’l Hopf algebra over an algebraically closed field of char.
p=>0;

(b) V is a d-dim’l module for H such that each simple H-module
S; (j=0,1,...¢) occurs in some V®;

(c) Grothendieck group Go(H) = Z**! has Z-basis [S;] (j =0,1,...¢) and
the H-module sequences

0—M—P—N—0
give relations [P] = [M] + [N].
(d) IN] = 32joIN: S][S;] and [M]-[N] = M@ N]

(e) ForV, letA;;:=[S;®V,S|], and set A = (A;).
(f) Let C =dI — A.
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Then

» C:=C \ {Row., Column.} is an avalanche-finite matrix, where ¢ is the
counit of H giving the trivial H-module.
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» C:=C \ {Row., Column.} is an avalanche-finite matrix, where ¢ is the
counit of H giving the trivial H-module.

» Let Po, P1,..., P, be the indecomposable projective modules for H and
setp = (dim Pg,dimPq,...,dim Pz). Then
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Then

» C:=C \ {Row., Column.} is an avalanche-finite matrix, where ¢ is the
counit of H giving the trivial H-module.

» Let Po, P1,..., P, be the indecomposable projective modules for H and
setp = (dim Pg,dimPq,...,dim Pg). Then

Ap' =dp’ and Cp'=0.

> Ifs = (dlm So,dim S1,... ,dim Sg), and

sA=ds and sC=0.

» And there are a lot of other beautiful results related to Brauer characters,
chip firing, Cartan matrices (in the modular group theory sense), critical
groups, etc.

166/184



it
v

o
167/184



A Lie-related Hopf Example

g := slp over an algebraically closed field K of characteristic p > 5,
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A Lie-related Hopf Example

g := slp over an algebraically closed field K of characteristic p > 5,
H :=u(g) restricted enveloping algebra - a finite-dim’l Hopf algebra
Simple H-modules S, r=0,1,...,p—1,dimS, =r + 1.
Projective indecomposable H-modules P,, r =0,1,...,p— 1:

When 0 < r < p — 2, the module P, has the following structure:

s,
e N\
P Sp—2—r Sp—2—r
hN e
s,

Pp—1 = Sp_1, the Steinberg module.
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Tensoring
Set V = Sy (the natural 2-dimensional module for g).
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Tensoring
Set V = Sy (the natural 2-dimensional module for g).

Tensor product rules (B.-Osborn '82):

S,®S1=S,1®S,_1 for 0<r<p-2
Sp-1 ®S1 =Pp_2, S0
s=[1,2,....,p], P=I[2p,2p,...,2p,p] and
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Tensoring

Set V = Sy (the natural 2-dimensional module for g).
Tensor product rules (B.-Osborn '82):

S, ®S1=S5,11®S,_1
Sp-1®S1 =Pp_a,

s=[1,2,...,p],
0
1

0

o O O -

SO

p=1[2p.2p,..

1
1
0
0
0

0
1
0

0
0
0

o = O -

sA=2s and Ap'

0
0
0
1
0
1

-, 2p, p|

2
0
0

oON O -

for 0<r<p-2

and
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Tensoring
Set V = Sy (the natural 2-dimensional module for g).
Tensor product rules (B.-Osborn '82):

S;®S1=S,41®S,.1 for 0<r<p-2
Sp,1 ® St = prz, SO
s=[1,2,....,p], P=I[2p,2p,...,2p,p] and

o100 .- 0 02
1 i ... 0 0O
o101 --- 00
A=|. . e
0 00 0 10
0 0O 1 0 2
0 00 0 10

sA=2s and Ap'=2p'

Remark There is an analog of this for the “restricted" quantum group u¢(g)
for an ¢th root of unity ¢, ¢ odd, and K = C. Calculations are basically the
same - just replace p by /. (See Chari-Premet '94)
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